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In this paper, numerical methods are applied through the implementation of finite difference
routines using Excel and MATLAB to calculate the heating and cooling times of a square plate
supporting fins using aluminum and steel as materials.

Four cases are analyzed for the same fin model: the first one is heating with hot air, the second
one is heating with hot air, the third case is heating with air and then with air but reducing the
fin thickness by half, and the fourth case is cold air cooling, but in all cases the plate area remains
unchanged.

Numerical methods are used as the mathematical tool to solve the system of equations derived
from applying an energy balance to the nodes in the fin. These solutions provide temperature as
a function of time for each material, based on the fin design. MATLAB was used to develop the
simulation code, and Excel was employed to implement the equations in each cell.

The results obtained in this study align with findings from existing literature. This approach
serves as a valuable tool for mechanical engineering students interested in simulating
thermodynamic effects in materials and extending the analysis to estimate heating or cooling
times, as well as the efficiency of fins made from other materials.
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1. INTRODUCTION

Fins are extended surfaces that improve heat transfer
efficiency [1]. In this study, a fin was theoretically designed
using two materials, aluminum and steel, in order to compare
the time required to reach a certain temperature.

The problem addressed is the solution of the system of
equations established at the nodes of the fin. For the
numerical solution, numerical methods [2] are applied by
implementing routines in Excel and MATLAB [3], and the
variables under study are plotted. In addition, the process is
outlined in detail, which will be useful for students who wish
to replicate the theoretical calculations using other materials
with similar designs, since some texts address the subject but
do not illustrate the steps to follow. Previous studies have
focused on techniques, simulation methods, and the
effectiveness of fins, making this field an interesting topic of
research in engineering [4].

Finally, the results obtained are compared with the theoretical
references, and the conclusions of this study are presented.

2. THEORY

2.1 Heat transfer

A fin is an extended surface that increases heat transfer, with
the purpose of efficiently heating or cooling materials.
The types of fins include transverse fins, which are used for
heating or cooling, and longitudinal fins, which are used in
tubes with viscous fluids, as shown in Figure 1.

Figure 1. Diagram of the flap on the plate, own
elaboration.

Heat is thermal energy that is transferred from a hotter system
to a cooler system in contact, while temperature is a measure
of the average kinetic energy of the atoms or molecules in the
system; these two concepts are key in this study.
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The forms of heat transfer are conduction, convection, and
radiation.

Conduction is the transfer of heat through direct contact
between particles of one material and those of another [5];
there is no transfer of matter between the bodies. The amount
of heat transferred by conduction is calculated using Fourier’s
law.

. A
Q=kAZ )

Where Q is the heat transferred per time interval, k is the
thermal conductivity constant that depends on the material, A
is the area, and ¢ is the thickness of the film.

The thermal conductivity constant for aluminum is

238.6 i and for steel 47.7 v .
°K m°K

m

Convection: It is the transport of heat by means of the
movement of a fluid, whether gaseous or liquid [6]. The
transfer occurs in terms of Newton's law of cooling, which
states that a body loses its heat at a rate proportional to the
temperature difference between the body and its surroundings

[7].
0 = hA AT )
Where Q is the rate of heat transfer by convection, A is the

surface area and h is the convection coefficient for hot air is
200 —

m4°k
property [1].
Finally, the other form of heat transfer is radiation, which is
the emission, propagation and transfer of energy in the form

and for water is 1000 % and is not a fluid

of electromagnetic waves in any medium. In this study this
form of heat transfer is not considered.

2.2 Numerical methods

To illustrate mathematically the problem to be solved, we will
take a real physical situation, which is to obtain the
temperature T at a specific point (node) in a system
surrounded by 4 different temperatures, as illustrated in Fig 2.

60 °C

10 °C 40°C

@
T

20 °C

Figure 2. Scheme of the system to find the temperature T
in the center surrounded by different temperatures (not
to scale).

To find the temperature T at the center, the average of the
temperatures surrounding it is obtained; in other words, T
depends on the environment, and the equation to solve is

4T = 60°C + 10°C + 40°C + 20°C 3)
thus, finding that this temperature T; = 32.5°C .

Now suppose we want to find the temperatures Tyand T, in
the system illustrated in figure 3 with the temperatures shown.

60 °C

10 °C ® @ |40°C

20 °C

Figure 3. Scheme of the system to find the temperatures
Ti1 and Tz surrounded by different temperatures (not to
scale).

For this case, the system of equations to be posed is

4T; = 60°C +20°C 4+ 10°C + T, 4

4T, = 60°C +40°C + 20°C + T, %)

When solving this system of equations by one of the known
methods, we obtain that T; = 32°C and T, = 38 °C .

If it is desired to determine the four temperatures in the
system shown in figure 4, the system of equations to solutions
is

60 °C
@ @
10°c|] T1 T2 |40°C
@ @
T3 T4
20°C

Figure 4. Scheme of the system to find the temperatures
T1, T2, T3 ,and T4 surrounded by different
temperatures (not to scale).

AT, =70°C +T, + Ty (6)
4T, =100°C + T, + T, (7)
4T, =30°C+T, + T, (8)
AT, = 60°C + T, + Ty 9)

The solution of this system can be done by any of the known
methods for systems of linear equations, such as substitution,
equalization, elimination, or Cramer, among others. For these
equations, the solution is obtained as follows: T; = 33.75°C,
T, =41.25°C,T; =23.75°C y T, = 31.25°C .

In systems with a larger number of equations and more
variables, the solution requires the application of numerical
methods, among which Gauss-Seidel is the equivalent in the
solution of systems of linear equations to the method of
successive approximations in the solution of algebraic and
transcendental equations or the use of computer programs
that implement iteration routines based on recurrence
relations.

2.3 Temperature equations at each node

Next, the equations for the different types of nodes are
established according to the meshing in the fin. To obtain the
stability criterion in the iteration of the program, it is necessary

to find the parameter 1 through the equation [1]:
_agAdt
T ax?

(10)
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where

k
pre 11

The values of the constants are shown in Table 1 for steel and
aluminum

ay =

Table 1. Constants for steel and aluminum
Material Densit Conductivi Specif Thermal

y ty ic diffusivity
Kg w Heat m?
P [m3] K m°K ] C a; [s_]
P
J
[Kg °K ]

Aluminu 2692 238.6 922.7  0.000097
m
Steel 7838 47.7 450.6  0.000023

The equation for the energy balance at each node is

. . A
Qcond + Qconv + Egen,elem - %ﬁm =0 (12)

3. RESULTS AND DISCUSSION

Figure 5 shows the nodes in the fin design, while Figure 6
presents the color coding used to identify the types of nodes
selected.

Figure 5. Nodes on the fin model.

MNMODE 1
MNODE 2
MNODE 3
MNODE 4
MNODE 5
MNODE &
MNODE 7

Figure 6. Color code to identify the type of node.

The measures in a node are:

Ax = Ay = 5mmand Az = 2mm.

The finite difference formulation of heat conduction in a plate
is performed by establishing the energy balance and solving
the resulting equations by iteration. The method consists of
dividing volume elements and applying the energy balance to
each of them, this is done by selecting the nodes in which the
temperature is to be determined.

In particular, for the cases analyzed, the fin is attached to a
square plate with a side length of 0.15 m. Two materials,

aluminum and steel, are considered. For the heating process,
the fin starts at 15 °C and is heated with hot air until it reaches
100 °C. For the cooling process, the same fin and materials
start at 100 °C and are cooled with air at 5°C. For both
heating and cooling, the convection coefficient is
200 W/(m?-K).

The energy balance equations (12) for each type of fin node

are [8]:
Node 1.
Tt =7 (1 - 2002 gp — PO 4 (T 4+ ) +
ThAx (TW + TN) 4 Thax® ThAx? Too (13)
Node 2.
TzH_l Tz (1 __ ThAx 37 — ‘L'P;Ax ) +1Ts + ThAx TN
Ty + T,) + T2 T, (14)
Node 3.

. . 2
T = (1 - 22— 37— ) (T + To+Ty) +
ThAx TW rf;i)zc Too (1 5)
Node 4.
T =1 (1- 47 ’ZA" D) 4 o(Ty +Tp + Ts +Ty) +
ThAx?2
o Teo (16)
Node 5.

2

T =T (1 -2 -t ZT:f: )+ S (Ty + Ty) +
STy +Tw) + 3 (Ts + Tp) + 2ehAxE (17)
Node 6.
T+t =T} (1 _ A o ZT:AA" ) +1(Ty +Tp) +
ThAx TW ZT:AAZx Too (18)
Node 7.
75 = T3 (1- 30— 2225) 4 (T + Ty + ) +
2ThAx?2

Lo (19)

Table 2 shows the values of the parameter t, the critical
values are located at node 4 highlighted with color in the
table.

Table 2. Parameter 1 for aluminum and steel

Parameter t

Node Aluminum Steel

Node 1 0.49532904 0.48973301
Node 2 0.33171139 0.32537517
Node 3 0.33171139 0.32537517
Node 4 0.24934685 0.24676668
Node 5 1.45133820 1.28456014
Node 6 0.49379139 0.47041420
Node 7 0.33102109 0.32207968

Figure 7 shows a snapshot of the results obtained in Excel of
the temperatures at the different nodes when implementing
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the energy balance equations for the iterations shown in the
figure; every cell is a node.

100 100 100 100 [ 100 | 100 [ 100 | 100 100 100 100
100 100 100 00 | 100 | 100 00 | 100 100 100 100
100 100 100 100 | 100 | 100 100 | 100 100 100 100
100 100 100 . . 100 100 100
100 100 100 iteration 0 100 100 100
100 100 100 100 100 100
100 100 100 w0 | 100 | 100 00 | 100 100 100 100
100 100 100 00 | 100 | 100 100 | 100 100 100 100
100 100 100 00 | 100 | 100 100 | 100 100 100 100

43,007464 | 50,341731 | 50,554715 | 53,402938 | 57,900215 | 60,913943 | 57,08834 | 53,950194 | 52,053996 | 53,474 | 23,007464
49,148337 | 49,8533 | 47,987984 | 49,356351 | 58,051266 | 61,116865 | 58,095597 | 49,397747 | 49,158143 | 52,379555 | 53,445043
51,177248 | 47,5123 | 37,548591 | 33,734488 | 58,253685 | 61,526300 | 58,160060 | 31,268960 | 37,548591 | 47,76851 | 51,102965
52,235304 | 46,808248 | 31,268969 B . 31,268963 | 44,814459 | 48,221783
53,445043 | 51,327294 | 53,445043 Iteratlon 30 53,445043 | 47,05551 | 4265293
51,102965 | 46,094434 | 31,268969 31,268963 | 42,144794 | 42,65293
48,221783 | 45,634142 | 37,548591 | 31,268960 | 58,253685 | 61,526300 | 58,160069 | 31,268960 | 37,548591 | 42,954095 | 42,65203
42,65293 | 45,670862 | 46,631757 | 48,988221 | 58,694294 | 61,750578 | 58,59742 | 48,809983 | 46,255837 | 44,757843 | 42,65283
25,415063 | 22,80316 | 49,386887 | 54,346047 | 60,054447 | 62,243148 | 59,945227 | 54,120379 | 49,010614 | 42,30289 | 29,4387

32,675835 | 20,221771 | 17,119851 | 16,236001 | 16,777254 | 17,30635 | 16,381515 | 15,230842 | 14,815393 | 15,590722 | 32,675835
24,303942 | 19,502439 | 15834617 | 14,874112 | 16,705401 | 17,311597 | 163827 | 14,020460 | 13,985662 | 15,218158 | 15,348282
15,776761 | 16,50069 | 10,640351 | 9,4185745 | 16,309035 | 17,217034 | 16,278755 | 9,2100649 | 10,640351 | 13,654077 | 14,823492
17,418853 | 14,954509 | 9,2100649 9,2100645 | 12,74345 | 13,527247

16,328282 | 15,570147 | 16,388282 iteration 80 16,348282 | 13,469271 | 11,762231
12,823402 | 13,393544 | 9,2100649 9,2100649 | 11,85607 | 11,762231
13,527247 | 12,838129 | 10,640351 | 9,2100649 | 16,309035 | 17,217034 | 16,278755 | 9,2100649 | 10,640351 | 11,922927 | 11,762231
11,762231 | 12,637506 | 12,985453 | 13,766334 16,39834 | 13,708674 | 12,862531 | 12,332643 | 11,762231

8,081329 | 11,730268 | 13,68386 | 15,160184 | 16,796609 | 17,423756 | 16,761345 | 15,087521 | 13,562403 | 1162727 | 80261332

Figure 7. Capture of the iterations obtained in Excel.

The capture shown in Figure 7 corresponds to the cooling
process. As can be seen, the nodes have different
temperatures, but there is symmetry among some of them.

In order to achieve the simulation of nodes in Excel, it is
necessary to implement the equations of each node, and the
values of the variables involved, such as thermal conductivity,
convection coefficient, length differential in the fin, thermal
diffusivity, time differential, ambient temperature, and initial
and final temperatures, must be taken into account.

In MATLAB [9], in addition to programming the routines for
simulation and iteration of the node equations, you can
simulate how the nodes change over time in the fin through a
heat map. Figure 8 shows a capture at different times for
cooling the fin with air. Some nodes cool down faster than
others, as can be seen.

Figure 8. MATLAB heat map captures for fin air cooling.

Figure 9 shows the heat map for water heating of the designed
fin at different times. As happens in cooling, there are nodes
that heat up faster than others in the fin, the figure illustrates
this result.

Nl

[‘\.

Figure 9. MATLAB heat map captures for fin water
heating.

The results obtained are shown in the plots of temperature
versus time for the different cases considered. The dimensions
of the fin are 0.055 m in length and 0.045 m in width, with a
rectangular hole in the center measuring 0.025 m in length and
0.015 m in width, as illustrated in Figure 5. The fin thickness
is 0.002 m.

First case: heating of the fin with hot air at 100 °C for both
materials. The fin starts at an initial temperature of 15 °C.
The results are shown in Figures 10 and 11, obtained using
MATLAB.

Aluminum fin heated with hot air

360
340
320
300

L L L L L ' L

0 2 4 6 8 10 12 14 16
Time (s)

Temperature (°C)

Figure 10. Temperature versus time graph for the
aluminum fin heated with hot air.

Steel fin heated with hot air

360

340¢

320¢

Temperature (°C)

45

Time (s)

Figure 11. Temperature versus time graph for steel fin
heated with hot air.

Second case: heating of the fin with water at 100 °C in both
materials, the fin is at an initial temperature of 15 °C.
The result is shown in Figures 12 and 13.
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- Aluminum fin heated with hot water

S . ‘ . : :

2 360
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5 340
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E 320
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E 300

5 . ‘ . . . ‘

[ ol 0 1 2 3 4 5 G 7
Time (s)

Figure 12. Temperature versus time graph for aluminum
fin heated with hot water.

. Steel fin heated with hot water
® ; ; : : :
< 360
)]
=
3 340
e}
©
o 320
o
oo 2 4 6 8 10 12 14
Time (s)
Figure 13. Temperature versus time graph for steel fin
heated with hot water.

Third case: heating of the fin with air at 100 °C, the fin is at
an initial temperature of 15 °C, but the fin thickness has been
reduced by half, i.e. 0.001 m in both materials.
The result is shown in Figure 14 and Figure 15.

- Aluminum fin heated with hot air

S . : ‘ . :

a_360¢F

[}

53401

n

E 320r

=3

E 300r

@ . . ‘ . . ‘

[ ol 0 2 4 G 8 10 12 14
Time (s)

Figure 14. Temperature versus time graph for aluminum
fin heated with hot air half the thickness.

- Steel fin heated with hot air

5 , , : . :

2360
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E 300

5 . . . ‘ ‘

F oo 5 10 15 20 25 30 35
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Figure 15. Temperature versus time graph for steel fin
heated with hot air half the thickness.

Fourth case: cooling of the fin with air at 15 °C; the fin is at
an initial temperature of 100 °C.

The result is shown in Figure 16 and Figure 17.

Aluminum fin cooled by cold air
U T T T T T T
< 360
2
5 340
I
£ 320
1
£ 300 : : : : .
2 0 05 1 15 2 25 3 35
Time (s)

Figure 16. Temperature versus time graph for the
aluminum fin cooled with cold air.

Steel fin cooled by cold air
—- : : .
9]
& 360
2
3 340
=
E 320
1]
=3
E 300 ! ‘
ﬁ 0 5 10 15 20
Time (s)

Figure 17. Temperature versus time graph for the cold
air-cooled steel fin.

Table 3 shows a summary of the times to reach the
temperature of the surrounding fluid in heating the coldest
node of the fin or in cooling, the time to reach the stable
equilibrium temperature of the hottest node.

The graphs were obtained in MATLAB.

Table 3. Times for aluminum and steel

Material Aluminum Steel
Air heating 153s 42.5s
Water heating 6.0s 13.0s
Heating with air  12.5 s 29.3s
half of the

thickness

Air cooling 32s 179s

The graphs in Figures 18, 19, 20 and 21 were made in Excel
for aluminum and steel fin heating. As can be seen, the values

to reach the temperatures are similar to those obtained in
MATLAB.

Aluminum fin heated with hot air

Temperature (°C)
el
D0 OoON B
(=l =R <IN =]

h
o

o

o

10 20 30 40 50 60
Time (s)

Figure 18. Temperature vs. time graph of aluminum fin

with hot air program in Excel
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Steel Tin heated with hot air
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Figure 19. Temperature versus time graph of steel fin

with hot air program in Excel

Aluminum fin heated with hot water
140

C
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N
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Figure 20. Temperature versus time graph of aluminum
fin with hot water program in Excel.

Steel fin heated with hot water
140

D120
o 100

60
40
20

Temperatur

] 50 100 150 200 250

Time (s)

Figure 21. Temperature versus time graph of steel fin
with hot water program in Excel

4. CONCLUDING REMARKS

A fin model was designed in two materials, aluminum and
steel, to measure heating and cooling. Numerical methods
were used to solve the equations by implementing them in two
programs, Excel and MATLAB In both programs, it is
possible to analyze the behavior of each node over time as the
fin approaches a state of thermal equilibrium.

In this article, the results show that aluminum heats up faster
than steel due to its high thermal conductivity. In the case of
heating, the fins heat up more quickly with water than with air,
as demonstrated in this study. Reducing the fin thickness
decreases the heating time because it increases heat transfer by
conduction. For cooling, the temperature decreases faster in
aluminum than in steel.

The Gauss-Seidel method is a numerical technique that can be
implemented in programming to solve systems of linear
equations, such as those encountered in heat transfer analysis.
The results obtained using Excel and MATLAB are similar,

and the choice of program depends on the user's familiarity
with each. These simulations can also be programmed in
FORTRAN or Python, or performed using software such as
ANSYS Fluent or COMSOL Multiphysics.

Finally, the design of fins allows us to check the heat transfer
laws, and they are useful for heating or cooling plates with
different materials, and their application is in temperature
reduction in engines [10].

This article is intended to serve as a helpful resource for
illustrating the fin heat transfer technique.
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