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ARTICLE INFO ABSTRACT
Published Online: The formulation presented in this paper was developed with the objective of its application to
02 May 2024 investigate the transient behavior of a high temperature solid oxide fuel cell (SOFC); especially

with respect to the non-steady state consumption of fuel and oxidant reactants. Specifically, the
chemical species transient amounts, their mole fractions, and total pressures in the cell anode-
side fuel- (hydrogen) and cathode-side oxidant- (oxygen of the air) chambers can be predicted
under the isothermal condition at a fixed cell-current level. The developed formulation is also
capable of predicting the transient mole fraction profiles of fuel (hydrogen) and oxidant
(oxygen) in the cell porous anode and cathode, respectively; thus, providing insight into the
. . reactant species' effective transport and their utilization, via electrochemical reactions, in the
Corresponding Author: . .
s.S Sandhu cell porous electrodes. The presented formulation can be adapted for any fuel and oxidant
combinations in any high temperature SOFC.

1. INTRODUCTION steady-state conditions. Figure 1 shows the sketch of a
The work presented here is a continuation and extension of generic electrolyte fuel cell. It is composed of three major
our previous findings [1] which focused on formulating components: Anode, A; electrolyte separator, Electro; and
thermodynamic descriptions of SOFCs operating under cathode, C.
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Figure 1. Representation of a model high temperature solid oxide electrolyte fuel cell (the sketch not- to- a scale).

The SOFC cell shown in Figure 1 is explained as follows: The stabilized zirconia, Zr0,(s), with a porosity (e.g. 16 — 30%)
cell anode, A: A cermet of metallic nickel (NiO(s) in the to facilitate the transfer of reactant and product gaseous
absence of a reducing environment) and yttria, Y,05(s), species. The cell electrolyte, (denoted Electro): A thin film of
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yttria-stabilized zirconia; yttria doping is required to stabilize
the cubic crystal structure of zirconia as well as for the
creation of the oxygen vacancy defects required for the
enhancement of ionic transport of oxide ions (0%7). A typical
composition of the solid oxide electrolyte is: yttria (16.9%)
and zirconia (83.1%) by weight. The cell cathode, C: Porous
strontium-doped lanthanum manganite,
La;_,Sr,Mn0; (0.10 < x < 0.18); a p-type semiconductor.
The strontium doping bestows the p-type electronic
conductivity by the creation of electron holes. Other
materials; particularly p-type conducting perovskite
structures display mixed electronic and ionic conductivity.
The perovskites; lanthanum strontium ferrite, lanthanum
strontium cobaltite as well as n-type semiconductors are
better electrocatalysts than the state-of-the-art lanthanum
strontium manganite [2]. A porous structure (e.g. porosity of
20 — 40%) is required for rapid mass transport of reactant/
product species.

For the model formulation presented in this work, the fuel and
oxidant mixtures in their storage chambers are stirred to
prevent the formation of concentration boundary layers at the
cell porous anode and cathode planar surfaces located at the
x4 = 0 and x¢ = 0 planes; thus resulting in the reduction of
the resistance to mass transfer of the reactive species to the
respective surfaces of the cell electrode. This would result in
the lowering of the cell voltage loss associated with the build-
up of such concentration boundary layers (films) under the
non-stirred fuel and oxidant mixtures.

2. The SOFC Formulation: Cell operational conditions
of isothermal and non-steady state utilization of
reactant species

2.1 Determination of Compositions and Pressures within the
Fuel and Oxidant Compartments

Under a constant current cell operation, the cell anode-side

reactant (hydrogen) and cathode-side reactant (oxygen) are

required to be consumed at constant rates to maintain the cell
current at a desired constant level. Under non-steady state
cell operation, the reactant concentrations in the storage
chambers decrease with an increase in operational cell period.
Depending on the magnitude of the cell current, there would
be build-up of reactant species concentration boundary-layers
around the three-phase contact points where the reactant
species are consumed and the product species are generated
via the electrochemical reactions in the cell porous anode and
cathode electrodes. Consequently, this would result in an
increase in the resistance to mass transfer of reactant and
product species, respectively, to and away from the electro-
active three-phase contact points. However, the probability of
build-up of concentration boundary layers at the cell
electrode planar surfaces at x4 = 0 and x¢ = 0 locations
would be negligible; especially under the vigorously stirred
conditions in the reactant and product species storage
chambers. The overall cell voltage loss would occur due to
the voltage-loss associated with the species mass transfer in

the relatively thick electrodes; especially, at high delivery of
cell currents. At a controlled constant current delivery, the
cell voltage loss associated with the transport of oxide ions
(0?7) through the electrolyte separator between the
electrodes would remain invariant under the cell isothermal
operational condition. Therefore, with an increase in the cell
electric-power delivery time; the increase in the cell voltage
loss is due to the coupled effect of the increase in species mass
transfer-related resistance in porous electrodes and the
probable variations in the interfacial current density per unit
electro-active area and in the interfacial areas per unit bed
volume in both the cell electrodes.

The formulation presented in this work is for hydrogen
(fuel) and air (oxidant) for the model cell sketched in Figure
1. The notation for the various components of the sketched
SOFC is as follows: v4 and v¢ represent the volume of the
cell anode- and cathode-side fuel and oxidant compartments;
A4 and A€ represent the planar geometric surface areas of the
cell anode and cathode at the x# = 0 and x¢ = 0 locations;
24, £E, and £¢ denote the thickness of the cell anode,
electrolyte separator, and cathode, respectively. The cell
anode-side fuel compartment is assumed to initially contain
n,f‘,z(g),mit moles of hydrogen gas in the mixture of hydrogen

and water vapor. The initial hydrogen composition of the
mixture is yy, (g),mie; therefore, the initial amount of water
vapor in the fuel compartment is:

Yit,o)
H,0(w),init A
—_ ) Ny, (g),init 9]

ni =
H,0(v),init — A
YH,(g),init

Where the mole fraction of water vapor in the initial
hydrogen-water vapor mixture s ¥{1 o) mic = (1 —
ylgz(g),init)'
The total initial amount of hydrogen gas (fuel)-water vapor
mixture is,

A
n -
A _ ""Hy(g),init
Niot,init = 4 (2)
sz(g),im’t

The overall cell reaction is:

1
Hy(g) + 502(9) - H,0(v) 3)

For the complete utilization of hydrogen gas, the amount of
oxygen required by stoichiometry is,

My ()
A _ "Ha(g ,init
noz(g),stoich - 2 (4)

At the level of 5 mole % of excess oxygen, the required initial
amount of oxygen in the cell cathode-side oxidant storage
chamber is,
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c 4 1.05
noz(g),init = 1'05n02(g),stoich = < 2 )nHz(g),L'nL’t
= 0.52511, () init (5)
Also, the amount of excess oxygen present is:

G, (gyex = (0.525 = 0.5 (o) inie = 002511 (g3 imir (5@)

The initial amount of dry air in the cell cathode-side oxidant
chamber is,

Tlgz (@)init _ 0.525

C A — A
ndry air,init — _C - 021 nHZ(g),init - 2'5nH2(g),init(6)

02(g),air

The amount of nitrogen in the initial gas mixture in the
oxidant chamber is,

nlflz(g),init = 0'79ngry air,init — 0'79(2'5n22(9),init)
= 1.9751, () init (7)
If the cell cathode-side oxidant compartment initially
contains air -water vapor mixture with water vapor at the
mole fraction level of yf,zo(,,)’mit; then the total initial amount
of air plus water vapor is given by:

C
ndry air,init

2504 .
C Ho(g),init
n ., = T = T (8)
tot,init 1_yH20(v).init 1_yHZO(u),init
Also, the initial amount of water vapor in the oxidant chamber
is given by

Yit,0)
H,0(v),init A
— )nHZ(g),init 9

C
n .. =25
Hz0(v),init (1 - ygzo(v),init

The electrochemical reactions occurring in the cell anode and
cathode during the period of the electric power production
and delivery to an external electric load circuit are given as
follows:

In the cell porous anode:

H,(g) - 2H* + 2e~

2H* + 0%~ - H,0(v) 10y
With the overall anode reaction being:
H,(g) + 0>~ - H,0(v) + 2e~ (11
In the cell porous cathode:
1
EOZ(g) +2e” - 0% (12)

If the model SOFC (Figure 1) is to be operated at a constant
current level of I amperes; the hydrogen and oxide-anion
consumption rates, and the water vapor production rate are
given as follows:

o o = _L (13)
Ha(9) 2F
I
ngz— = —ﬁ (14)
I

flfIZO(U) =+ (15)

2F

Correspondingly, the oxygen consumption and oxide-anion
production rates in the cell porous- cathode are given by:

n¢ = _L (16)
02(9) AF

né, = +L (17)
0 2F

Equations (14) and (17) show that the oxide-anion
consumption and production rates are numerically equal. This
implies that the oxide-anion transport rate through the cell
electrolyte separator, (Electro. in Figure 1), from the cell
cathode to anode is required to be equal to I/2F (mol - s™1)
at the constant current level of I amperes. The consumed and
produced amounts of the various species during the cell
operational time of (t seconds) are given as follows:

Ang oy = —%t (18)
Ay o) = +%t (19)
Ang, ) = —ﬁt (20)
AnS, = +%t (21)

It is here mentioned that the only overall reactions occurring
in the model cell system (Figure 1) are the ones represented
by Equations (3), (11) and (12). Therefore, the amounts of the
various chemical species in the cell anode-side fuel and
cathode-side oxidant compartments can be written as
functions of time, ¢, as follows:

nd @) =nd ... (1 ! t (22)
Hz(9) Hz(g),init

-
ZFnHz(g),init
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1= Y11, (g)ini
| M Hy(g),init
Ni,00) () = Ny, (g).i 't< t> 2
20 2gint ygz(g).init ZanIZ(g)'i"it
c A
1S, () = Nt gy imie | 0525 —————1t ] (24
02(9)() Hz(g).mlf< 4an,2(g),mit ) @
() ) = Ny gimie = 197508, (g inie (25)

c _.C
nHZO(v)(t) = Ny, 0(),init

(o
Yu. 0(v),init
=25 (—1 — )n;jz(g)m.t (26)

- yHZO (v),init

The total amount of charge passed through the external
electrical load circuit in time (t seconds) is given by

Qcharge @®=1I-t (27)

At the end of the cell operational time of (t seconds), the total
species mixture moles in the cell anode-side and cathode-side
species-storage compartments are given as follows:

A
ny (g),init
n?ot(t) = ngz(g) (t) + nfle(V) (t) = nfat,init = 1,;12( i (28)
5(9),ini

e (t) = 1g, (9 (8) + 1, (9 (8) + Ny 0 (8
A
nHZ(g),im’t _ I

= 2.
51 4F

t (29)

_ C
yHZO(V),init

Equations 28 and 29 can then be used to write the chemical
species mole fractions in the anode-side and cathode-side
compartments as functions of time:

A
n I
A Hz(g) A
Vi (o)) = = Vi, (g).ini (1—715) (30)
Hz(9) n?ot Hz(g),init 2 anlz (g imit
A
n
A _ ""H0(v)
Yit,ow) () = —nzg‘ ]
0
_ yA (1 B ygz(g),init t) (31)
— JHy(g),init A A
2 sz(g),init 2FnHz(g),init

1
(0525 - W t)

Cc
n .
c 02(9) H,(g),init
Yo, &) = = (32)
0= Mot ( 25 )
1- ylgzo(v),init 4Fn;-412(g),init
ny 1.975
N2(9) _ . (33)

c _
YNz(g)(t) T aC ( 25

tot _ t)
4 A
1- szO(U),init 4'FnHz(g),init

25( ygzo(v),init )

c T
MH0w) 1= Yi,00),init

C —
YH,0() (®) = nC
1

(34)

tot

2.5 t)
- A
- ylgzo(v),init 4FnH2(g),init

Total pressures in the cell anode-side and cathode-side
compartments at the initial state conditions are given as the
following functions of time:

A
nH ( )" it RT

P () = Db = £ (2] (39)
H,(g),init v

RT nh o RT
U—C> 2.5 H2(g)init (76) (36)

C _ C
Prot,init = Mot init ( 1—C
yHZO(v),init

RT N (g)init I RT
Phor(©) = (v—c)=<2.5—1 it _ o) (<) 67

—.C
YH,0W),init

The time for complete utilization of the cell fuel, ¢, at a
constant current level of I amperes, is given by

2F
tr = Tnflz(g),init (38)

At the complete utilization of cell fuel, the SOFC would stop
providing electric power to an external electrical load circuit.
At this system state, the chemical species mole fractions in
the fuel and oxidant compartments are given as follows:

Vit (tr) =0 (39)
Yiyow (tr) =1 (40)
0.025(1 = Y57, o) init)
c H,0(v),init
Yo, (tr) = D
02 P\*f 2 — 0.5)71(.:120(1;),init
1.975(1 = Y11, 0(),imit)
c H,0(v),init
Yo (tr) = 4
Na (@ \*f 2 — O-SYE[Zo(v),init
. 2.5yf,20(v),init
yyzo(v)(tf) = 3

C
2 - O'SyHZO(v),init

At the same time, t;, following the consumption of fuel, the
total pressures in the cell anode-side and cathode-side
compartments are given as follows:

A
Ny, (g),init (ﬂ)

: (44)
v

ploc(tr) =

A
YH,(g),init
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RT
phoe(tr) = nfur (1) (¢ )

A
ny (9),init 1 <RT)
=25 —2L" — — ¢ |(— 45
( 1 4F T ) \pC (45)

_C
yHZO(v),init

2.2. Determination of Fuel Composition with the Cell
Anode

Performing a mole balance for the reactant hydrogen fuel

over a spatial element of thickness Ax4 located between the

x4 and x4 + AxA planes in the cell porous anode yields the

following partial differential equation,

op 9%¢p

— == 46

rA = 372 ¢ (46)
Here ¢ represents the dimensionless mol fraction of H,
Vi, o)/ Vit (g,mir) @nd is a function of both time and spatial
dimension. ¢ is the dimensionless spatial parameter (x4 /£4)
and 74 the dimensionless time defined as:

D, eff
A 2,€
=—""="t “47)
5§ore(fA)2
Where D{}Zleff is the effective mass diffusivity of hydrogen
in the cell porous anode and &7, is the pore volume fraction
within the anode. The parameter 24 in Equation 46 is a
dimensionless quantity indicative of the electrochemical
reaction rate and is represented as:

ZkASA A fA 2 F—A
/1A — effpbulk( ) Sil‘lh( 775) (48)

Dff, off RT
Here k4 is the intrinsic reaction rate coefficient at the
temperature of interest, S;; is the effective interfacial area
between the reactive gaseous mixture and the porous anode
P is the bulk density of the composite solid in the cell
anode, and 74 is the electrochemical reaction surface
overpotential averaged over the thickness of the anode. The
suitable set of the initial condition (IC) and boundary
conditions (BC1 and BC2) to solve the PDE, Eq. (46), are
given as follows:

IC: ¢(x?=0)=1 forall{€[0,1] (49)
1
BCl: ¢((=0)=1-—a? forallt? € [O'F] (50)

d¢

BC2: —
d¢

1
=0 forallt* € [0,—A] (51)
¢=1 a

Here BC1 (Eq. 50) is a dimensionless form of Eq. 30, where
a” is a dimensionless quantity defined as:

Igz‘;lore (fA)z

- A A
2Fny, g)initDityers

A _

(52)

This PDE has been solved analytically for the following two
cases:

Case |

The porous cell anode is sufficiently thin (e.g. #4 < 25 um)
that spatial variation due to diffusion within the anode can be
neglected. Consequently, the PDE reduces to:

d¢
TA = —2¢ (53)
Which has solution:
p(t4) = e (54)

Case Il
The porous cell anode is thick enough (e.g. £4 = 1 mm) that
spatial variations due to diffusion within the anode must be
considered. Here the full PDE was solved analytically to yield
¢(14,0) as a function of both time and depth in the porous
anode.

2.3. Determination of Oxidant Composition within Cell
Cathode

Performing a mole balance for the reactant oxygen over a

spatial element of thickness Ax¢ located between the x¢ and

x¢ + AxC planes in the cell porous cathode yields the

following partial differential equation,

@_azw_(lc_

53¢ = 57 )w (55)

]/C_TC

Here i represents the dimensionless mol fraction of 0,
(6, 0)/Y6,(g),imi¢) ad is a function of both time and spatial

dimension. £ is the dimensionless spatial parameter (x¢/£¢)
and ¢ the dimensionless time defined as:

C
c_ Doerr

= -t 56
£y e (€92 (56)

T

Where Dgz_eff is the effective mass diffusivity of oxygen in
the cell porous cathode and &, is the pore volume fraction
within the cathode. The parameter A¢ in Equation 55 is a
dimensionless quantity indicative of the electrochemical
reaction rate and is represented as:
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A© (57)

C
DOz,ef f

CccC c Cc\2 ~C

_ 2k Seffpbulk(f ) sinh <F775>
Here k€ is the intrinsic reaction rate coefficient at the
temperature of interest, S5, is the effective interfacial area
between the reactive gaseous mixture and the porous cathode
P is the bulk density of the composite solid in the cell
cathode, and 7¢ is the electrochemical reaction surface
overpotential averaged over the thickness of the cathode. The
parameter y¢ in Equation 55 is a dimensionless quantity
related to the operating current and is defined as:

A
_ 10FD52,efan2(g),init
- Cc
Isgore(€6)2(1 - yHZO(v),init)

y¢ (58)

It is noted that for the consumption of oxygen to produce
oxide ions, the magnitude of A must be greater than the
magnitude |1/(y¢ —t€)|. As soon as these two quantities
would become equal, the consumption of oxygen would stop.
Consequently, the production of oxide ions would end,
resulting in the termination of the cell electric power delivery
to any external circuit. The suitable set of the initial condition
(IC) and boundary conditions (BC1 and BC2) to solve the
PDE (Eg. 55), are given as follows:

IC: YrE¢=0)=1 forallé€[0,1] (59)

1
BCL: Y(§=0)=—

C
(Yoz (g),initYC'TC

yOZ(g),init YC-TC
d
BC2: s =0 forallz¢€0,y°) (61)
al,_,

Here BC1 (Eq. 60) is a dimensionless form of Eq. 32. This
PDE has been solved analytically for the following two cases:

Case |
The porous cell cathode is sufficiently thin (e.g. £¢ < 25 um)
and the operational conditions are such that spatial variation

) for all t°€[0,y9)(60)

due to diffusion within the cathode can be neglected.
Consequently, the PDE reduces to:

dw——(xf— ! )z/) (62)

drt

Which has solution (for values of 7¢ < y©):

c,—-A6C

y-e

S (63)

P(9) =

Case Il

The porous cell cathode is thick enough (e.g. £¢ = 1 mm)
that spatial variations due to diffusion within the cathode
must be considered. Here the full PDE was solved
analytically to yield ¥ (z¢, &) as a function of both time and
depth in the porous cathode.

3. RESULTS AND DISCUSSION

Due to the complexity of the analytic solution for both
derived PDEs® (Egs. 46 and 55), these results were verified
using standard numerical approaches. The two solution
techniques provided indistinguishable results, with the
differences between them < 0.1% for any given value of
input parameters. Figures 2 and 3 in this section present both
the numeric (points) and analytic solution (lines). Figures 2a
through 2d show the transient ¢ vs ¢ profiles within the
SOFC porous anode for 4 different (a4, 1) pairs. For each
parametric set, ¢» decreases as the depth within the anode, ¢,
increases for each value of dimensionless time, 74 > 0 until
it flattens out due to the no-flux condition imposed by BC2
(Eq. 51). Also apparent, for any fixed value of ¢, the
dimensionless mol fraction, ¢ decreases as time progresses
and the fuel continues to be consumed via the electrochemical
reaction. This decrease is more pronounced at higher values
of 24 which is indicative of a faster reaction rate.
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Figure 2. The transient profiles of ¢p = yy"i vs. the dimensionless distance { = ;—:for various values of the parameters
Hy(g),init
a and 24,
Figures 3a through 3d show the transient ¥ vs & profiles any fixed value of &, the dimensionless mol fraction, ¥
within the SOFC porous cathode for 4 different (y¢, A) pairs decreases as time progresses and the oxidant continues to be
using ygz (g)init = 0-1. For each parametric set, 1 decreases consumed via the electrochemical reaction. This decrease is
as the depth within the cathode, ¢, increases for each value of more pronouncgd at higher values of A° which is indicative
dimensionless time, 7€ > 0 until it flattens out due to the no- of a faster reaction rate.

flux condition imposed by BC2 (Eq. 61). Also apparent, for

A 7“=5; A9=10 B 1“=5; A“=>5
1.0 4 .
—— 79=0.0 — 7Y =0.0
_ 0.8 —
EIF g — —
=

Ozygen mol fraction ratio;

0.0 02 04 06 08 1.0 00 02 0.4 0.6 0.8

1.0
Dimensionless Distance in Cell Porous Cathode; & = f—;
. . . y . . . ¢ .
Figure 3. The transient profiles of ¥ = yoﬂ vs. the dimensionless distance § = ’;—C for various values of the parameters
07(9),init

y¢ and A€,
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4. CONCLUDING REMARKS

The formulation presented in this relatively short paper was
developed with the objective of its application to investigate
the transient (i.e. non-steady state) behavior of a high
temperature-solid oxide fuel cells such as that shown in
Figure 1. At a fixed cell current level, the chemical species
mole balances were applied over the cell anode-side fuel
(hydrogen) and cathode-side oxidant (air) chambers to
specifically predict the amount and composition of hydrogen
and water vapor in the cell anode-side fuel chamber, and
oxygen, nitrogen, and water vapor in the cell cathode-side
oxidant chamber at any time during the cell operational
period. The presented formulation also predicts the total
pressures in the fuel and oxidant chambers.

Fundamentals of chemical and electrochemical engineering
sciences were employed to develop the formulation to predict
the transient mole fraction profiles of fuel (hydrogen) and
oxidant (oxygen in air) in the SOFC porous anode and
cathode, respectively, during the cell operational period.
Numeric and analytical techniques were employed to solve
the PDEs (Egs. 46 and 55), to predict the transient mole
fraction profiles of the fuel and oxidant within the anode and
cathode respectively. This model captures both the effective
diffusion rate of the fuel/ oxidant species within the anode/
cathode in response to the transient boundary conditions and
their consumption via the electrochemical reaction with 14
and A¢ as dimensionless kinetic parameters. The confidence
in our computed values is improved due to the good
agreement between the two different solution techniques.
With the use of very thin SOFC porous electrodes so that the
second partial derivatives Z% and ZZTZJ are negligible relative
to the other terms in the PDEs (Eqgs. 46 and 55), one can
determine values for the dimensionless parameters 14 and A¢
from Egs. 54 and 63 via the collection of data on ¢ vs. 4 and
P vs. €.

Finally, it is stated here that although in the formulation
presented in this paper hydrogen and oxygen were used as the
reactants of the high temperature SOFC of the type shown in
Figure 1, the formulation scheme can be adapted for any
material-type high temperature SOFC as well as for any fuel
and oxidant composition combinations.
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