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Principles of transport phenomena and chemical/ electrochemical reaction kinetics were employed to 

develop the formulation for the prediction of fuel (e.g., 𝐻2(𝑔)) and oxidant (e.g., 𝑂₂(𝑔)) mole fraction 

profiles in the porous anode and cathode electrodes of an ideal solid oxide fuel cell (SOFC). The ideal 

SOFC is composed of the porous anode, 𝐴, which is the cermet of metallic nickel and yttria-stabilized 

zirconia and the porous cathode, 𝐶, which is the strontium-doped lanthanum manganite. A thin film of 

the yttria-stabilized zirconia is the solid electrolyte separating the cell electrodes. The cell anode-side 

fuel and cathode-side oxidant supply compartments are continuously stirred to maintain constant 

concentrations of fuel and oxidant in them. 

         The relevant analytical formulation as well as the numerical data computed is presented. The 

current calculated data show a non-linear decrease, associated with the coupled effect of diffusion and 

consumption, in the mole fractions of hydrogen and oxygen in the porous electrodes with an increase 

in the distance from the reactant supply compartments towards the cell electrolyte separator.   

 

1. INTRODUCTION 

The work reported in this presentation is continuation of 

that reported for the steady-state [1] and non-steady state [2] 

utilization of both fuel, hydrogen, and oxidant, oxygen from air. 

The system modeled here is sketched in Figure 1.  It is 

composed of the SOFC anode, 𝐴, electrolyte separator, 

𝐸𝑙𝑒𝑐𝑡𝑟𝑜, and cathode, 𝐶. The cell anode is the cermet of 

metallic nickel, 𝑁𝑖𝑂(𝑠), and yttria, 𝑌2𝑂3(𝑠), – stabilized 

zirconia, 𝑍𝑟𝑂2(𝑠), with 16 – 30% porosity to facilitate the 

transport of reactant and product species. The electrolyte 

separator between the cell electrodes, 𝐸𝑙𝑒𝑐𝑡𝑟𝑜, is a thin film of 

the yttria-stabilized zirconia.  The yttria doping is required to 

stabilize the cubic crystal structure of zirconia as well as for the 

creation of oxygen-vacancy defects required for the 

enhancement of ionic transport of the oxide anions, 𝑂2−(𝑠).  A 

typical composition of the solid oxide electrolyte is: yttria 

(16.9%) and zirconia (83.1%) by weight [3].  The cell cathode, 

𝐶, is the porous strontium-doped lanthanum manganite, 

𝐿𝑎1−𝑥𝑆𝑟𝑥𝑀𝑛𝑂3(𝑠), with  𝑥 ∈ [0.1, 0.18], a p-type 

semiconductor. The strontium doping bestows the p-type 

electronic conductivity by the creation of electron holes. Other 

materials; particularly, p-type conducting perovskite structures 

display mixed electronic and ionic conductivity. The 

perovskites; lanthanum strontium ferrite, lanthanum strontium 

cobaltite as well as n-type semiconductors are better 

electrocatalysts than the state-of-the art lanthanum manganite 

[4]. The range of the cathode porosity is (20-40%) for rapid 

mass transport of reactant /product species. 

    In the SOFC cathode, shown in the sketch of Figure 1, the 

oxide anions are generated via the following electrochemical 

reaction:   

1

2
𝑂2(𝑔) + 2𝑒

− → 𝑂2− (1) 

The oxide ions migrate through the electrolyte separator for 

their consumption in the cell porous anode via the following 

electrochemical reaction: 

𝐻2(𝑔) + 𝑂
2− → 𝐻2𝑂(𝑣) + 2𝑒

− (2) 

The SOFC is assumed to be operated at a constant current level 

to deliver required electric power to an external electrical load 

under the isothermal and isobaric conditions.  The cell anode-

side fuel compartment is fed from a fuel (e.g., hydrogen gas) 

storage tank. The mixture of the gaseous fuel and water vapor 

product species of reaction (2) is stirred to maintain the same 

fuel concentration level throughout the fuel-side compartment.  

The fuel and water vapor mixture is assumed to be continuously 

sent to a semi-permeable membrane (SPM) to remove water 

vapor and other chemical species, harmful to the 
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electrochemical reaction (2), to maintain a required constant 

pressure in the fuel compartment. The oxidant (oxygen gas of 

the air) feed to the cathode-side compartment is under the 

steady-state, isothermal and isobaric conditions. Also, the 

cathode-side oxidant compartment is stirred to maintain the 

same oxygen concentration level throughout the oxidant 

compartment. The cell formulation for the SOFC performance 

analysis /design is provided in Section 2.

 

 
Figure 1.  Ideal solid oxide fuel cell as explained above. 

 

2.  Formulation 

        The cell current, 𝐼 (amperes), is assumed to be maintained 

at constant level corresponding to a required electric power, 

𝑃̇𝑒𝑙𝑒𝑐 = 𝐼𝑉
𝑐𝑒𝑙𝑙 , in the cell external load circuit.  The required 

hydrogen consumption rate, in accordance with Eq. (2), is given 

by 

𝑛̇𝐻2,𝑐𝑜𝑛𝑠 =
𝐼

2𝐹
(3) 

Therefore, at the steady-state SOFC cell operation, the required 

fuel gas feed rate = fuel consumption rate: 

𝑛̇𝐻2,𝑓 = 𝑛̇𝐻2,𝑐𝑜𝑛𝑠 =
𝐼

2𝐹
(4) 

 

If the fuel feed from the fuel storage tank is impure; then, 𝑛̇𝐻2,𝑓 

is given by 

𝑛̇𝐻2,𝑓 = (1 − 𝑦𝑖𝑚𝑝𝑢𝑟𝑖𝑡𝑦)𝑛̇𝑖𝑚𝑝𝑢𝑟𝑒 𝐻2 (5) 

Where 𝑛̇𝑖𝑚𝑝𝑢𝑟𝑒 𝐻2 is the feed rate of the impure fuel from the 

storage tank and 𝑦𝑖𝑚𝑝𝑢𝑟𝑖𝑡𝑦  is the total mol fraction of all 

impurities present in the fuel stream. 

For every one g-mole of fuel (hydrogen gas) 

consumed, one g-mole of water vapor is produced according to 

the reaction, Eq. (2). The reaction produced water vapor returns 

to the cell anode-side fuel compartment.  At the cell steady-

state, isothermal operational conditions; the gas mixture total 

pressure, 𝑝𝑡𝑜𝑡
𝐴 , and total fuel (hydrogen gas) amount remain 

invariant. 

        Addition of Eq. (1) and (2) leads to: 

𝐻2(𝑔) +
1

2
𝑂2(𝑔) → 𝐻2𝑂(𝑣) (6) 

This is the overall SOFC cell reaction.  To deliver the cell 

current at the level of 𝐼 (amperes), the conversion rate of oxygen 

must be 

𝑛̇𝑂2,𝑐𝑜𝑛𝑠 =
1

2
𝑛̇𝐻2,𝑐𝑜𝑛𝑠 =

𝐼

4𝐹
(7) 

 

If the oxidant (oxygen) feed rate to the cell cathode-side 

compartment is at the excess oxygen fractional level of 𝑦𝑂2,𝑒𝑥 

(e.g. 0.05 = 5 𝑚𝑜𝑙%), the required oxygen feed rate to the cell 

cathode-side compartment is given by: 
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𝑛̇𝑂2,𝑓 = [(1 + 𝑦𝑂2,𝑒𝑥)
𝐼

4𝐹
 ] (8) 

 

The required dry air feed rate to the cell cathode-side 

compartment is: 

 

𝑛̇𝑑𝑟𝑦 𝑎𝑖𝑟,𝑓 =
𝑛̇𝑂2,𝑓

𝑦𝑂2(𝑖𝑛 𝑑𝑟𝑦 𝑎𝑖𝑟)
= [(

1 + 𝑦𝑂2,𝑒𝑥

𝑦𝑂2(𝑖𝑛 𝑑𝑟𝑦 𝑎𝑖𝑟)
)
𝐼

4𝐹
] (9) 

 

For oxidation or combustion calculations, it is acceptable to use 

𝑦𝑂2(𝑖𝑛 𝑑𝑟𝑦 𝑎𝑖𝑟) = 0.21. The atmospheric air has the following 

composition (in the chemical species mole fractions) [5]: 

𝑦𝑁2 = 0.7803  ;   𝑦𝑂2 = 0.2099  ;   𝑦𝐴𝑟 = 0.0094  ;   𝑦𝐶𝑂2

= 0.0003  ;   ∑𝑦𝑗

5

𝑗=1

= 0.0001 

 

Where 𝑗 = 𝐻2, 𝐻𝑒, 𝑁𝑒, 𝐾𝑟, 𝑋𝑒; (𝑗 = 1 𝑡𝑜 5). 

Dry air average molecular weight, 𝑀𝑑𝑟𝑦 𝑎𝑖𝑟 = 29.0 𝑔/𝑚𝑜𝑙. 

If the air feed contains water vapor, the required feed rate of the 

moist air is: 

𝑛̇𝑚𝑜𝑖𝑠𝑡 𝑎𝑖𝑟 =
𝑛̇𝑑𝑟𝑦 𝑎𝑖𝑟

1 − 𝑦𝐻2𝑂(𝑖𝑛 𝑚𝑜𝑖𝑠𝑡 𝑎𝑖𝑟)
=

[
1 + 𝑦𝑂2,𝑒𝑥

𝑦𝑂2(𝑖𝑛 𝑑𝑟𝑦 𝑎𝑖𝑟)(1 − 𝑦𝐻2𝑂(𝑖𝑛 𝑚𝑜𝑖𝑠𝑡 𝑎𝑖𝑟))
]
𝐼

4𝐹
(10)

 

 

The SOFC Electrode Electrochemical Reaction Kinetics: 

During the SOFC operational period to deliver the required 

electric power to an external electrical load, the overall 

electrochemical reaction occurring in the porous anode of the 

cell is represented by: 

𝐻2(𝑔)
𝑘𝑓
𝐴,𝑛𝑒𝑡

→    2𝐻+ + 2𝑒− (11) 

 

It is here assumed that the reaction, Eq. (6), is first-order with 

respect to the molar concentration of hydrogen gas in the pores 

of the SOFC anode electrocatalyst.  The developed 

mathematical expression for the hydrogen conversion rate; via 

the reaction; per unit volume of the cell porous anode is given 

by: 

(−𝑅𝐻2,𝑛𝑒𝑡) = 𝑘𝑓,𝑛𝑒𝑡
𝐴

𝑝𝑡𝑜𝑡
𝐴 𝑦𝐻2
𝑅𝑇

𝑆𝑒𝑓𝑓
𝐴 𝜌𝑏

𝐴 (12) 

 

Where 𝑘𝑓,𝑛𝑒𝑡
𝐴  is the net overall reaction rate coefficient (𝑚𝑝𝑜𝑟𝑒

3 ⋅

𝑚𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒
−2 ⋅ 𝑠−1), 𝑆𝑒𝑓𝑓

𝐴  is the effective electroactive interfacial 

area per unit solid mass of the cell anode (𝑚𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒
2 ⋅ 𝑘𝑔−1), 

𝜌𝑏
𝐴 is the bulk solid mass density of the cell anode (𝑘𝑔 ⋅ 𝑚𝑏

−3), 

𝑝𝑡𝑜𝑡
𝐴  is the total gas pressure in the cell porous anode (𝑁 ⋅ 𝑚−2), 

𝑅 is the gas constant (8.314 𝐽 ⋅ 𝑚𝑜𝑙−1 ⋅ 𝐾−1), 𝑇 is the cell 

operational temperature (𝐾), and 𝑦𝐻2 is the mol fraction of 

hydrogen in the mixture of hydrogen and water vapor generated 

in in the reaction Eq (2). 

From the reaction, Eq. (2), it is quite obvious that the 

consumption of every one mole of hydrogen produces one mole 

of water vapor; which, in turn, is transported to the anode-side 

fuel compartment via the molecular-mass diffusion process 

through the gas phase mixture present in the pores of the cell 

anode-electrode. Consequently, there is ‘no change’ in the gas 

mixture total pressure in the cell anode-side fuel compartment. 

In the cell porous cathode, the oxidant (oxygen) is 

consumed via the following electrochemical reaction: 

 

𝑂2(𝑔) + 4𝑒
−
𝑘𝑓,𝑛𝑒𝑡
𝐶

→   2𝑂2− (13) 

 

The conversion rate of oxygen via this reaction is given by 

 

(−𝑅𝑂2,𝑛𝑒𝑡) = 𝑘𝑓,𝑛𝑒𝑡
𝐶

𝑝𝑡𝑜𝑡
𝐶 𝑦𝑂2
𝑅𝑇

𝑆𝑒𝑓𝑓
𝐶 𝜌𝑏

𝐶 (14) 

 

Where 𝑘𝑓,𝑛𝑒𝑡
𝐶  is the net overall reaction rate coefficient (𝑚𝑝𝑜𝑟𝑒

3 ⋅

𝑚𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒
−2 ⋅ 𝑠−1), 𝑆𝑒𝑓𝑓

𝐶  is the effective electroactive interfacial 

area per unit solid mass of the cell cathode (𝑚𝑖𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑒
2 ⋅ 𝑘𝑔−1), 

𝜌𝑏
𝐶 is the bulk solid mass density of the cell cathode (𝑘𝑔 ⋅ 𝑚𝑏

−3), 

𝑝𝑡𝑜𝑡
𝐶  is the total gas pressure in the cell porous cathode (𝑁 ⋅

𝑚−2), and 𝑦𝑂2  is the mol fraction of oxygen in the gas phase 

mixture present in the pores of the cathode. 

 

Predicting Hydrogen and Oxygen Mole Fraction Profiles 

within the Porous Anode and Cathode: 

The hydrogen mole balance was applied over a spatial element 

of thickness, Δ𝑥𝐴, in the cell porous anode under the steady-

state, isothermal conditions to obtain the following differential 

equation in the dimensionless form: 

𝑑2𝜙𝐴

𝑑𝜁
− 𝜆𝐴𝜙𝐴 = 0 (15) 

With boundary conditions: 

 

𝜙𝐴 = 1 𝑎𝑡 𝜁 = 0

𝑑𝜙𝐴

𝑑𝜁
= 0 𝑎𝑡 𝜁 = 1

(16) 

Here, 𝜙𝐴 is the ratio of the fuel mol fraction to the fuel mol 

fraction at the anode surface (i.e. at 𝑥 = 0) (Eq. 17), 𝜆𝐴 is a 

dimensionless quantity that compares the reaction rate to the 

effective diffusion rate (Eq. 18), and 𝜁 is the dimensionless 

distance through the cell porous anode (Eq. 19). 

 

𝜙𝐴 =
𝑦𝐻2
𝑦𝐻2,0

(17) 
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𝜆𝐴 =
𝑘𝑓,𝑛𝑒𝑡
𝐴 𝑆𝑒𝑓𝑓

𝐴 𝜌𝑏
𝐴(ℓ𝐴)2

𝐷𝑒𝑓𝑓,𝐻2
𝐴

(18) 

 

𝜁 =
𝑥

ℓ𝐴
(19) 

 

Where ℓ𝐴 is the thickness of the anode and 𝐷𝑒𝑓𝑓,𝐻2
𝐴  is the 

effective diffusivity of the fuel as determined from the true 

diffusivity 𝐷𝐻2, the tortuosity, 𝜏𝐴, and the pore volume fraction 

of the cell porous anode, 𝜀𝐴 (Eq. 20). 

 

𝐷𝑒𝑓𝑓,𝐻2
𝐴 =

𝐷𝐻2𝜀
𝐴

𝜏𝐴
(20) 

 

Solving the differential equation in Eq. 15 with boundary 

conditions in Eq. 16 yields the following solution of the 

dimensionless fuel mol fraction vs. fractional depth in the anode 

(Eq. 21). 

 

𝜙𝐴 =
𝑒𝜁√𝜆

𝐴
+ 𝑒(2−𝜁)√𝜆

𝐴

1 + 2√𝜆𝐴
(21) 

        In the cell porous cathode, the molecular oxygen diffuses 

towards the cell electrolyte separator while being consumed via 

the net, assumed first-order reaction with respect to its molar 

concentration, Eq. (16).  The oxygen mole balance was applied 

over a spatial element of thickness, Δ𝑥𝐶 , in the cell cathode for 

the cell steady-state, isothermal operational conditions to obtain 

the following differential equation in the dimensionless form. 

 

𝑑2𝜓𝐶

𝑑𝜉
− 𝜆𝐶𝜓𝐶 = 0 (22) 

With boundary conditions: 

𝜓𝐶 = 1 𝑎𝑡 𝜉 = 0

𝑑𝜓𝐶

𝑑𝜉
= 0 𝑎𝑡 𝜉 = 1

(23) 

 

Here, 𝜓𝐶  is the ratio of the oxidant mol fraction to the oxidant 

mol fraction at the cathode surface (i.e. at 𝑥 = 0) (Eq. 24), 𝜆𝐶  

is a dimensionless quantity that compares the reaction rate to 

the effective diffusion rate (Eq. 25), and 𝜉 is the dimensionless 

distance through the cell porous cathode (Eq. 26). 

 

𝜓𝐶 =
𝑦𝑂2
𝑦𝑂2,0

(24) 

 

𝜆𝐶 =
𝑘𝑓,𝑛𝑒𝑡
𝐶 𝑆𝑒𝑓𝑓

𝐶 𝜌𝑏
𝐶(ℓ𝐶)2

𝐷𝑒𝑓𝑓,𝑂2
𝐶

(25) 

 

𝜉 =
𝑥

ℓ𝐶
(26) 

 

Where ℓ𝐶  is the thickness of the cathode and 𝐷𝑒𝑓𝑓,𝑂2
𝐶  is the 

effective diffusivity of the oxidant as determined from the true 

diffusivity 𝐷𝑂2 , the tortuosity, 𝜏𝐶, and the pore volume fraction 

of the cell porous cathode, 𝜀𝐶 (Eq. 27). 

 

𝐷𝑒𝑓𝑓,𝑂2
𝐶 =

𝐷𝑂2𝜀
𝐶

𝜏𝐶
(27) 

 

As the differential equation (Eq. 22) and boundary conditions 

(Eq. 23) are the same as those for the anode, the solution of the 

dimensionless oxidant mol fraction vs. fractional depth in the 

cathode is identical to the anode solution (Eq. 28). 

 

𝜓𝐶 =
𝑒𝜉√𝜆

𝐶
+ 𝑒(2−𝜉)√𝜆

𝐶

1 + 2√𝜆𝐶
(28) 

 

3. NUMERICAL DATA GENERATION FROM THE 

DEVELOPED FORMULATION 

From Eq. (18), it is obvious that the dimensionless parameter 

for both the anode and cathode, the dimensionless parameter, 𝜆, 

is proportional to 𝑘𝑓,𝑛𝑒𝑡/𝐷𝑒𝑓𝑓 . Since the reaction rate constant 

can be represented using an Arrhenius relationship [6, 7]: 

𝑘𝑓,𝑛𝑒𝑡 = 𝐴𝑓,𝑛𝑒𝑡𝑒
𝐸𝑓,𝑛𝑒𝑡
𝑅𝑇 (29) 

And diffusion is proportional to 𝑇3/2 [8], the dimensionless 

parameter can then represented as: 

 

𝜆 ∝
𝑒
𝐸𝑓,𝑛𝑒𝑡
𝑅𝑇

𝑇
3
2

(30) 

 

Therefore, different values of the parameter 𝜆 for both the 

anode and the cathode can be understood to represent different 

cell temperatures and how these operating conditions effect the 

relative rate of the electrochemical reaction and the diffusivity 

of the fuel/ oxidant species. Figure 2 displays the behavior of 

𝜙𝐴 (or 𝜓𝐶) as a function of 𝜁 (or 𝜉) at different values of 𝜆𝐴 (or 

𝜆𝐶). 
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Figure 2. Plots of the fuel/ oxidant mol fraction ratio vs. depth in the anode/ cathode at different values of 𝛌 (representing 

different cell temperatures) 

 

It is apparent that the mol fraction of the fuel/ oxidant species 

decreases as one moves from the solid anode/ cathode surface 

towards the electrode. Also apparent is that increasing the 

dimensionless parameter 𝜆 (equivalent to increasing the cell 

temperature) yields lower concentration profiles. This means an 

increase in the fuel/ oxidant conversion rate locally in 

accordance with the coupled effect of the reaction kinetics and 

its mass diffusion within the porous cell. 

 

4. CONCLUDING REMARKS 

The formulation presented in this relatively short paper is 

for an ideal SOFC sketched in Figure 1.  Using the presented 

formulation, one can calculate both the fuel (e.g. hydrogen gas) 

and oxidant (e.g. air) molar flow rates necessary to deliver a 

required cell current level.  The formulation is also capable of 

predicting the fuel and oxidant mole fraction profiles in the cell 

porous anode and cathode electrode by accounting for the 

coupled effect of the intrinsic chemical/electrochemical 

kinetics and the effective diffusion of the reactant species in 

terms of the dimensionless parameter 𝜆. 

It is here suggested that a SOFC, of the type sketched in 

Figure 1, be constructed for testing the various fuel types (e.g. 

hydrogen, carbon monoxide, hydrocarbons, etc. as well as their 

mixtures) with the overall objective of determining their 

electric-energy delivery efficiency.  The fully instrumented fuel 

cell of the type mentioned above can be used for the 

determination of the intrinsic chemical/electrochemical kinetics 

of the fuel oxidation process; the very significant information 

always required for the development of the theory-based 

models to predict the performance behavior of a SOFC. 
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