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The present paper extends Faustman model
to incorporate uncertainty of forest growth and develop
sequential forest harvesting strategies, by making use of the
optimal stopping theory. More precisely, we formulate what
follows the geometric Brownian motion to be the increment
of the forest stock, not the forest stock itself, assuming the
drift parameter to be negative. It is revealed that frequency
of harvesting should decrease if uncertainty of forest growth
increases or harvesting becomes more costly.

When should we harvest the forest? This is the issue that has
been investigated extensively since Faustman (1849) founded
the basis of researches on forest harvesting. Kilkki and
Véisénen (1969) and Naslund (1969) introduced thinning to
the Faustmann model, while Chang (1982, 1983) extended
landowner choices to include management effort to improve
the growth conditions of the stands. Heaps and Neher (1979)
and Heaps (1984) investigate the consequences of various
restrictions imposed on harvesting capacity, while
McConnell et al. (1983) and Newman et al. (1985) examine
the case where timber price and regeneration costs change
over time.

The present paper attempts to push forward these studies
by incorporating uncertainty. More precisely, the present
study develops the optimal strategy of a land owner who
periodically plants and harvests trees in a stochastic
environment, by constructing a stochastic dynamic model
based on the optimal stopping theory. The optimal stopping
theory, which emphasizes the importance of flexibility, is a
theory that has been used to develop strategies in various
stochastically fluctuating economies. For example, Dixit
(1989) examines the timing of entering foreign market, while
Farzin, Huisman and Kort (1988) investigate the timing of IT
investment. Bentolila and Bertola (1990) consider the timing
of employment/lay-off, just to mention a few. As for its
application to the forest harvesting, among the first are
Clarke and Reed (1989), followed by Alvarez and Koskela
(2003) who focus on uncertainty of interest rate, Insley and
Rollins (2005) who lay out a two-factor model with linear
growth and mean-reverting prices and so on.

Although the above articles successfully develop optimal
stochastic harvesting strategies, the stochastic process they

use is the geometric Brownian motion that means forests
grow without bound over time, which is not proper
description of the reality since it is often the case that forests
increase at a decreasing rate although at first increase at an
increasing rate. Thus, in the present paper, we formulate
what follows the geometric Brownian motion to be the
increment of the forest stock, not the forest stock itself,
assuming the drift parameter of the geometric Brownian
motion to be negative, in order to fill the gap between the
precedence researches that use the geometric Brownian
motion and the stylized fact that forests grow at a decreasing
rate.

Besides, main focus of the precedence researches is on one
shot move of a land owner, which is not an adequate
extension of Faustman (1849) who pays attention to ongoing
harvesting strategies. Having this in mind, the present paper
attempts to develop sequential forest harvesting strategies by
utilizing Fujita (2007, 2008), which determine sequential
product introducing strategies for retailers. Chang (2005), the
most related work, also pays attention to the ongoing
strategies, but differs from the present paper, since Chang
(2005) is based on the geometric Brownian motion.

Structure of this paper is as follows. Section 2 lays out a
basic model and Section 3 describes the objective function of
a land owner in a stochastic environment. Based on this
formulation, Section 4 develops the optimal stochastic
harvesting strategy of the land owner and examines its
properties. Concluding remarks are made in Section 5.

Let us consider a land owner who begins with bare land
and periodically plant new trees and harvest them in a
stochastic environment where time passes continuously and
importance of the future diminishes with time, which we
capture by the discount rate p.

For the simplicity of analysis, let us assume the amount of
trees that are planted/harvested in each time to be unity, and
define here the tree planted for the first time as the first
generation’s tree, and the tree for the second time as the
second generation’s tree and so on. Letting Si(t) and R;(t)
denote the amount of the ith generation (i.e., the forest stock
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of the ith generation) and its increment (i.e., M) at t,
dt

respectively, we assume that the increment of the amount of
the tree at t, not the forest stock itself, follows the geometric
Brownian motion of equation (1).

dRi:-,uRidt+0'RidZ, (1)
with initial value Ro for each generation’s tree.

w and o are parameters of drift and volatility, with both u
and o being positive constants. Larger 4 means that the
increment of the forest stock decreases more quickly; larger
o means that the growth as a whole is more uncertain. dz is
Wiener process that expresses random movement, which has
several real-world applications such as stock market
fluctuations, exchange rate fluctuations and so on.

We specify the costs of planting and harvesting the ith
tree as F and _1 respectively, where F is a positive
R*
constant. It is assumed here that the harvesting cost is larger
if Ri* is smaller (i.e., amount of the tree is larger). As for the
unit price of timbers, on the other hand, we specify it to be
unity in order to simplify the analysis.

If we let T; be the interval between the plantation and
harvesting of the ith tree with To=0, it follows that with

reference to the ith tree, the land owner incurs the plantation
i-1

cost at ZTk and receives the revenues and incurs the
k=1

i
harvesting costat YT, .

k=1

Since the present paper’s model is stochastic, optimal
timing of harvesting/planting is expressed by cut-off value
of Rj rather than by the exact time point. Let Ri* denote the
optimal cut-off value of R;, where the land owner harvests
the ith generation’s tree and plants the (i+1)th generation’s
tree.

This section describes the objective function of the land
owner.

First of all, let us derive the expected value of one unit of
profit at Ta(i.e., the expected value of e"), when the land
owner harvests the first generation’s tree and plants the

second generation’s tree. If we let G(Ro) denote this value,
the general solution to G(Ro) is expressed as

G(Ry) = A(R))™ +B(R,)*» )
where ;<0 and a»>0 are solution to the characteristic

1
equation — o?x(x-1)-ux-p=0. Since G(Ro) satisfies G(c0)=0
2

1.
and G(Ri*)=1, it follows that A= (ﬁ)l and B=0.

Ry \a
Substituting these equations into (2) yields G(Ro) :(ﬁ) "
1

Letting « denote -a1, we obtain

R *

G(Ro)= ()" 3)
where

=_0'2+2,u—\/(0'2+2,u)2+8p0'2 . @)

202
Next, let us describe the amount of the first generation’s
L . R *
tree when harvested at T1, which is obtained as Ro — i by

integrating Ri(t) over t from 0 to Ti. i.e., by calculating

E[[" Rds|R(T,) R*].

Noting that the land owner incurs the plantation cost at 0,
while she/he receives the revenues and incurs the harvesting
cost at Ty, we have the net present value of the profit of the

*

first generation’s tree as (R™)«(Ro - &—i)—F.

R, u R*

If we assume symmetric solutions, i.e., Ri*= Ry*="---=
R*, for the simplicity of analysis, sum of the net present
value of each generation’s tree that is harvested when the
increment growth reaches R*, V(R*), is described as

V(R*)= (R*)«Ry- R*- 1 ).F
Ro u R*

R B S (REyF e

RO 0
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= 1 [R*Roe-R*_-1)F. () decreasing from R*B to R*®’ as in Figure 3. Thus, we have
—_— R* *B
1_(&)@4 R, Y7 OR <0.
R, oo

Now we are ready to develop the land owner’s optimal
harvesting strategy, that is, the optimal value of R*.

For this purpose, let us differentiate V(R*) with respect to
R* to obtain the following first order condition.
R* 1 1 R* 1 R*

_____ o g (B (6)
Ro o R F a(ﬂ s (Ro)}

If we let L(R*) and R(R*) denote the left hand side and
right hand side of (6) respectively, the optimal value of R*,
R*B, is determined as the intersection of L(R*) and R(R*) as
in Figure 1.

Figurel determination of the optimal R*

If we specify Ro=4, a=1.6, u=1 and F=0.1 as case 1, for
example, graph of V(R*) is drawn as in Figure 2.

D*B

Figure2 graph of sum of the net present value

Now, let us focus on the uncertainty, which we capture by
o. If o increases, L(R*) remains the same, while R(R*) shifts

upward since 2—“ <0 from (4), with the optimal point
(o2

Figure3 effect of increase in uncertainty on the optimal R*

If we specify Ro=4, 0=0.8, pu=1, F=0.1 as case 2, in order
to examine the effect of decrease in a, caused by increase in
o, on the net present value, we see that graph of V(R*) in
case 2 is above that in case 1, with the optimal point
decreasing from R*E to R*® as in Figure 4.

D*B’ D*B

Figure4 effect of increase in uncertainty on V
Hence, the Propositionl follows.

Propositionl: If uncertainty of forest growth increases, the
optimal cut-off value of the increment of forest stock
decreases.

This proposition indicates that if uncertainty of forest
growth increases, frequency of harvesting decreases, which
means the increase in the value of waiting.

We can also examine the effect of an increase in the costs,
which we capture by an increase in F. In this case, L(R*)
shifts downward, while R(R*) remains the same, with the
optimal point decreasing from R*® to R*®* as in Figure 3.

<0.

*B

Thus, we have R
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Figure5 effect of increase in cost on the optimal R*

If we specify Ro=4, a=0.8, u=1, F=1 as case 3, in order to
examine the effect of an increase in F on the net present
value, we see that graph of V(R*) in case 3 is below that in
case 1 with the optimal point decreasing from R*E to R*®” as
in Figure 6.

Z

Figure6 effect of increase in cost increase on V

Proposition2: If the cost of forest harvesting increases, the
optimal cut-off value of the increment of forest stock
decreases.

This proposition implies that if the cost of forest
harvesting increases, frequency of harvesting decreases.

In this paper, we extended Faustman model to examine
the properties of forest harvesting strategy in a stochastically
fluctuating economy. Main result of this paper is: frequency
of harvesting decreases if uncertainty of environment
increases or cost of harvesting increases.

It is possible to extend the model to examine the effect of
the change in the timber price. It is also necessary to
relaxing the assumption that there is only one tree in each
generation, to investigate the interaction between the trees.
We take up such analysis next.

[1] Alvarez, L., and E. Koskela. 2003. On Forest Rotation
under Interest Rate Variability. Interrnational Tax and
Public Finance 10, 489-503.

[21 Bentolila, S. and G. Bertola. 1990 Firing Costs and
Labor Demand: How Bad is Eurosclerosis, Review of
Economic Studies, 57(3), 381-402.

[3] Chang, F. 2005. On the Elasticities of Harvesting Rules.
Journal of Economic Dynamics and Control 29,469—
485.

[4] Chang, S. 1983. Rotation Age, Management Intensity,
and the Economic Factors of Timber Production: Do
Changes in Stumpage Price, Interest Rate, Regeneration
Cost, and Forest Taxation Matter? Forest Science 29,
267-277.

[5] Chang, S. 1984. The Determination of the Optimal
Rotation Age. A Theoretical Analysis. Forest
Ecological Management 8, 137-147.

[6] Clarke, H. R. and W. J. Reed. 1988. A Stochastic
Analysis of Land Development Timing and Property
Valuation. Regional Science and Urban Economics 18,
357-381.

[71 Dixit, A.K. 1989 Hysteresis, Import Penetration, and
Exchange Rate Pass Through, Quarterly Journal of
Economics 104, pp.205-228.

[8] Farzin, Y. H., KJ.M.Huisman and P.M.Kort. 1988
Optimal Timing of Technology Adoption, Journal of
Economic Dynamics and Control 22, pp.779-799

[9] Faustmann, M., 1849. On the determination of the value
which forest land and immature stands pose for
forestry. In Gane M. and Linnard, W. (eds.): Martin
Faustmann and the evolution of discounted cash flow.
Oxford, England: Oxford Institute (105), pp.27-55.

[10] Fujita, Y., 2007. A New Analytical Framework of Agile
Supply Chain Strategies, International Journal of Agile
Systems and Management, Vol. 2, No. 4, pp.345- 359

[11] Fujita, Y., 2008. A new Look at Fashion Brand
Management-product switching strategies in the face of
imitation, Research Journal of Textile and Apparel.
Vol. 12 No. 3.38-46.

[12] Heaps, T. 1984. The Forestry Maximum Principle.
Journal of Economic Dynamics and Control 7, 131-
151

Yasunori Fujita, IJIMEI Volume 1 Issue 8 OCT 2015

376


http://www.rajournals.in/

International journal of management and economics

@\ Research | invention
z [[Volume||1||I1ssue||08||Pages-373-377||Oct-2015|| ISSN (e): 2395-7220
Ana]ysis www.rajournals.in 10.18535/ijmei/v1i8.02

CURIS LIRS

[13] Heaps, T., and P. Neher. 1979. The Economics of
Forestry when the Rate of Harvest is Constrained.
Journal of Environmental Economics and Management
6, 297-316.

[14] Insley, M. C., and K. Rollins. 2005. On Solving the
Multirotational Timber Harvesting Problem with
Stochastic  Prices: A Linear Complementarity
Formulation. American Journal of Agricultural
Economics 87(3), 735-755.

[15] KilKkki, P., and U. Vaisanen. 1969. Determination of the
Optimal Cutting Policy for the Forest Stand by Means
of Dynamic Programming. Acta Forestalia Fennica
102, 100-112.

[16] McConnell, K., J. Daberkow, and I. Hardie. 1983.
Planning Timber Production with Evolving Prices and

Costs. Land Economics 59, 292-299.

[17] Né&slund, B. 1969. Optimal Rotation and Thinning.
Forest Science 15, 446-451.

[18] Newman, D., C. Gilbert, and W. Hyde. 1985. The
Optimal Forest Rotation with Evolving Prices. Land
Economics 61, 347-353.

Yasunori Fujita, IJIMEI Volume 1 Issue 8 OCT 2015


http://www.rajournals.in/

