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ABSTRACT:     

The present paper constructs an extended Harris-

Todaro model that incorporates environmental 

stock, by making use of the optimal stopping 

theory, to examine the properties of migration in 

an economy where environment fluctuates 

stochastically. It is revealed that if uncertainty of 

environment in the rural area increases, 

inhabitants in the rural area should stay there 

longer, while, if the vulnerability of environment 

in the rural area increases, inhabitants in the rural 

area should leave there earlier, where uncertainty 

and vulnerability are respectively defined as the 

variance of stochastic fluctuation of 

environmental stock and the degree of sudden 

reduction of the environmental stock caused by 

some shock that happens from time to time. 

INTRODUCTION 

Researches on migrations, which were founded by 

Todaro (1969), Harris and Todaro (1970) etc., 

have been making progress by incorporating the 

factors that were assumed away in the original 

Harris-Todaro model. Banergee (1983) lays out a 

model where difference in utilities between urban 

and rural areas triggers migration, while Jones and 

O’Neill (1995) focus on infrastructures in urban 

area. Nakagome (1989), Brueckner (1990), 

Brueckner and Zenou (1999), Brueckner and Kim 

(2001), on the other hand, shed light on land 

markets.  

The present paper attempts to push forward 

these studies by incorporating the environmental 

stock, which is paid attention to by Fukuyama and 

Naito (2007). More precisely, by making use of 

the optimal stopping theory, we extend Fukuyama 

and Naito (2007) whose model is deterministic, to 

examine the effect of stochastic environmental 

fluctuation on migration. 

 

The optimal stopping theory is a theory 

that has been used to develop strategies on timing 

in a stochastically fluctuating economy since 

McDonald and Siegel (1986) demonstrated the 

‘value of waiting.’ Dixit (1989) examines the 

timing of entering foreign market, while Farzin, 

Huisman and Kort (1988) investigate the timing of 

IT investment. Bentolila and Bertola (1990) 

consider the timing of employment/lay-off. Leahy 

(1993), Caballero and Pindyck (1996) and 

Baldursson and Karatzas (1997), on the other 

hand, analyze the nature of stochastic fluctuating 

economy. 

Although the above articles construct 

various sophisticated frameworks, focus is on one 

shot activity of a single firm/household that 

doesn’t interact with others. The present paper, in 

contrast, takes into account market-wide  

interaction of decision makings as in Fujita 

(2007) which pays attention to the interaction of 
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exporting firms, and Fujita (2008) which takes 

notice of competition in a stochastic market.  

Structure of this paper is as follows. 

Section 2 lays out a stochastic dynamic Harris-

Todaro model and Section 3 derives the market 

equilibrium. Based on these analyses, Section 4 

reveals the relationship between the environmental 

fluctuation and migration in the stochastic 

dynamic Harris-Todaro economy. Concluding 

remarks are made in Section 5.  

It is revealed that if uncertainty of 

environment in the rural area increases, 

inhabitants in the rural area should stay there 

longer, while, if the vulnerability of environment 

in the rural area increases, inhabitants in the rural 

area should leave there earlier, where uncertainty 

and vulnerability are respectively defined as the 

variance of stochastic fluctuation of 

environmental stock and the degree of sudden 

reduction of the environmental stock caused by 

some shock that happens from time to time. 

BASIC MODEL 

Let us consider an inter-temporal economy, 

which is populated by a continuum of inhabitants 

with a mass of L. The economy in the present 

paper consists of rural and urban areas, where 

every inhabitant is in the rural area at first and 

considers every time whether to stay there or 

move to the urban area. We assume that labour 

supply of each inhabitant is unity and, as in the 

original Harris-Todaro model, we exclude the 

possibility that an inhabitant supplies 

simultaneously her/his labour to both areas. Time 

passes continuously and the time horizon is 

infinite, with importance of the future diminishing 

as time passes, which we capture by discount rate 

ρ. 

We assume that environmental stock of 

rural sector, S, follows a stochastic process of (1). 

S

dS
=σdz-Sdq,    

 (1) 

where σ, dz and dq are variance, Winner process 

and Poisson process of the environmental stock of 

the rural sector, respectively. Following 

Chakraborty (2015) that points out the 

vulnerability of the environment, we assume that 

the environment in this model is vulnerable, in 

that S falls by a fixed percentage η (with 0<η<1) 

with a small probability λdt. Throughout this 

paper, we define uncertainty and vulnerability as 

increases in σ and η, respectively. As for the 

environmental stock in the urban sector, on the 

other hand, we specify it to be unity, in order to 

simplify the analysis. 

We assume inhabitants in the rural area are 

owner farmers, who sell their agricultural products 

at the price of unity and buy the manufactured 

products at the price of p, which are produced by 

one firm in the urban area, hiring urban workers at 

the wage of w who are immigrants from the rural 

area. We assume that p is the world price that is 

constant over time. As for the technology, we 

assume that LM units of labor are transformed into 

εLM
m units of manufactured products, where ε is a 

positive constant and m is a constant that satisfies 

0<m<1. Then, profit of the firm, π, is expressed as 

π=pεLM
m-wLM, and hence, labor demand for 

production of the manufactured products is 

determined as  

LM= m

w

mp
1

1

)(


,     

 (2) 
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from the first order condition. As (2) shows, not 

every inhabitant is employed in the urban area. 

Thus, if we let LA denote the number of owner 

farmers who stay in the rural area, probability of 

being hired in the urban area is
A

M

LL

L


, and hence, 

expected wage of the urban sector is determined 

as
A

M

LL

wL


, which becomes m

m

A

m

wLL

mp





1

1

1

)
1

(
)(  by 

substituting (2). It is assumed that the excess 

supply of the manufactured products is exported at 

p for the simplicity of analysis, as in Fukuyama 

and Naito (2007). 

We assume that every inhabitant receives 

the same utility if she/he stays in the rural area. 

That is, if she/he consumes DA and DM units of 

agricultural products and manufacturing products 

in an environment of stock S, her/his utility is 

UR= SDD h

M

h

A )()( 1 ,    (3) 

where h is a parameter that satisfies 0<h<1. 

Utilities in the urban area, on the other 

hand, are assumed to differ from each other. That 

is, if kth inhabitant consumes DA and DM units of 

agricultural products and manufacturing products, 

her/his utility is 

UU(k)= kDD h

M

h

A )()( 1 .   

 (4) 

We assume that k distributes uniformly on ]0,L] 

with one density for each. 

Since budget constraints for each 

inhabitant are  

1 MA pDD   if in the rural sector;          

 (5)       

MA pDD  =
A

M

LL

wL


 if in the urban sector,  (6)       

from the maximization of utilities subject to the 

above two budget constraints, we obtain the 

following inverse demand function for the 

manufacturing products for each inhabitant no 

matter where she/he lives: 

M

A
MA

D

D

h

h
DDp




1
),( .    (7) 

Using (5) - (7) to eliminate DA and DM in 

(3) and (4), we have the utility of the kth 

inhabitant as  

UR= Sh
p

h h

h








 1)1(  if in the rural sector; (8) 

UU(k)= k
LL

wL
h

p

h

A

Mh

h










 1)1( if in the urban sector.

 (9) 

The present paper assumes that each 

inhabitant determines her/his timing of migration 

anticipating the urban utility. Since the model of 

the present paper is stochastic, the optimal timing 

is expressed by cut off level of the urban utility. 

That is, the problem for the kth inhabitant to solve 

is to determine her/his cut off urban utility level, 

U(k)*, in a sense she/he moves to the urban sector 

if UU≧U(k)*.  

Conjecture of each inhabitant is assumed 

to interact in the following way. If the kth 

inhabitant moves to the urban area, those whose 

utility is more than that in the urban area, i.e., 

inhabitant j∊[k,L], move to the urban area, which 

means total inhabitant in the urban area is L-k, and 

hence total inhabitant in the rural area is k, i.e., 

k=LA. In what follows, we define the kth 

inhabitant to be marginal if inhabitants j∊[k,L] are 
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in the urban area. It is also assumed that 

inhabitant’s decision making is complete when 

she/he moves to the urban sector, and after 

working in the urban sector she/he returns to the 

rural sector and formulates/solves the optimal 

stopping problem again from the beginning. 

OPTIMAL TIMING OF THE 

MIGRATION 

Based on the above analysis, in this 

section we derive the optimal timing of the 

migration. 

First of all, by making use of Ito’s lemma, 

we can express the stochastic process of the 

utilities in the rural area as 

R

R

U

dU
=σdz- URdq,    (10) 

with the initial value of UR(0)= )0()1( 1 Sh
p

h h

h









, 

where S(0) is the initial value of environmental 

stock in the rural area. 

Now, what the kth inhabitant maximizes is 

the discount sum of expected utilities after moving 

to the rural area net of opportunity cost (i.e., 

utility in the rural sector). Thus, the problem of 

the kth inhabitant should solve is formulated as:  

Max te  { k
wLL

mp
h

p

h
m

m

A

m
h

h
















1

1

1

1 )
1

(
)(

)1(
 － UR}

 (11) 

Subject to  

R

R

U

dU
=σdz- URdq; 

UR(0)= )0()1( 1 Sh
p

h h

h









. 

Through the standard procedure of 

dynamic programming (e.g. Dixit and Pyndick 

(1994)), U(k)* is determined as: 

*)(kU =
1


k

wLL

mp
h

p

h
m

m

A

m
h

h
















1

1

1

1 )
1

(
)(

)1(
 , (12) 

where α is the positive solution to the 

simultaneous equations F(x)=
2

1
σ2x(x-1) and  

f(x)=(ρ+λ) -λ(1-η)x as in Figure1 i.e., the positive 

solution to the characteristic equation 
2

1
σ2x(x-1) - 

(ρ+λ)+λ(1-η)x =0. (See the Appendix for more 

detail.) Note that it is clear that α>1.  

 

Figure 1  determination of α. 

The above discussion means that the kth 

inhabitant should move to the urban area if UR 

becomes the level of (12). This situation is 

expressed by the following equation (13), which is 

obtained by equating (12) with (8) and 

substituting LA=k; 

Sh
p

h h

h








 1)1( =
1



kL

k

w
mph

p

h
m

m

mh

h











 11

1

1 )
1

()1(  .(13) 
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Thus, by solving (13) with respect to k, the 

equilibrium marginal inhabitant k* (which is the 

equilibrium number of inhabitant in the rural area, 

LA*) is determined as 

1)
1

(
1

1

*
11

1





 m

m

m

w
mp

S

L
k




 .   (14) 

With this, the model closes, which enables 

us to examine the characteristics of the migration 

in the Harris-Todaro economy with stochastic 

fluctuation of environmental stock.  

First of all, as Figure 2 shows, increase in 

σ shifts F(x) inward to )(
~

xF , to decrease α to α’, 

which brings about increase in 
1


, and hence, 

decrease in k*. Since k* is the number of 

inhabitants who stay in the rural area, we have the 

following proposition. 

 

Proposition1: If σ decreases, number of 

inhabitants who stay in the rural area increases. 

This proposition implies that if uncertainty 

of environment increases, inhabitants in the rural 

area should stay there longer, since the value of 

waiting increases. 

 

Figure 2  effect of an increase in σ on α. 

 

Similarly, as Figure 3 shows, increase in η 

shifts f(x) upward to )(
~

xf , to increase α to α”, 

which brings about decrease in
1


, and hence, 

increase in k*. Thus, as proposition 1, we have the 

following proposition. 

Proposition2: If η increases, number of 

inhabitants who stay in the rural area decreases. 

This proposition says if the vulnerability 

of environment increases, contrary to proposition 

1, inhabitants in the rural area should leave there 

earlier. 

 

Figure 3  effect of an increase in η on α. 

CONCLUDING REMARKS 

In this paper, we extended Harris-Todaro 

model and examined the properties of migration in 

a stochastically fluctuating economy. Main results 

of this paper are: (1) if uncertainty of environment 

in the rural area increases, inhabitants in the rural 

area should stay there longer, while (2) if the 

vulnerability of environment in the rural area 
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increases, contrary to (1), inhabitants in the rural 

area should leave there earlier. 

It is necessary to examine the robustness 

of the results by assuming more general utility 

function and production function. It is also 

necessary to relaxing the assumption of uniform 

distribution of inhabitants. We take up such 

analysis next. 
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APPENDIX 

First of all, let V(k) denote the vale which 

is derived by substituting the solution to (11) into 

the object function, te  {

k
wLL

mp
h

p

h
m

m

A

m
h

h
















1

1

1

1 )
1

(
)(

)1(
 －UR}, we obtain the 

Bellmann equation for each inhabitant as

)(dVEVdt  , then we can expand dV as 

2

2

2

)(
2

1
R

R

R

R

dU
U

V
dU

U

V
dV









 ,

 

by using Ito’s lemma. If we substitute the 

stochastic process of UD into this formula, we 

have 

dt
U

VU
dVE

R

R

2

22

2
)(







,

 

And by substituting Bellmann equation into this formula, 

we have 

0)(
2

2

22





R

R

R UV
U

VU




 

Boundary condition, value matching condition and smooth 

pasting condition are expressed, respectively, as 

0)( V    

V(U(k)*)=
D

Th

LL

L
k

p

w



1)( －U(k)* 

1

*)(



 kUUR
R

dU

dV
  

Thus, the solution is expressed as 



RR AUUF )( ,

 
where A is a constant and α is the positive solution to the 

characteristic equation σ2x(x—1) — (ρ+λ)+λ(1—η)x =0． 

Thus, α is determined graphically as in Figure 1.  
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